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ABSTRACT

Sequential models are designed to learn sequential patterns in data
based on the chronological order of user interactions. However,
they often ignore the timestamps of these interactions. Incorpo-
rating time is crucial because many sequential patterns are time-
dependent, and the model cannot make time-aware recommen-
dations without considering time. This article demonstrates that
providing a rich representation of time can significantly improve
the performance of sequential models. The existing literature treats
time as a one-dimensional time-series obtained by quantizing time.
In this study, we propose treating time as a multi-dimensional time-
series and explore representation learning methods, including a ker-
nel based method and an embedding-based algorithm. Experiments
on multiple datasets show that the inclusion of time significantly
enhances the model’s performance, and multi-dimensional methods
outperform the one-dimensional method by a substantial margin.
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1 INTRODUCTION

Sequential recommendation systems are the backbone of many
popular platforms, helping users connect to the right content. By
modeling the order of user-item interactions, these systems typi-
cally optimize for the next interaction in a sequence (be it movie
to stream, song to listen to, and so on) [7, 8, 10, 15, 20, 21, 25]. A
fundamental research challenge in these and related methods is:
how to best model the temporal sequence of user-item interactions?
Most existing sequential approaches make one of two assumptions:

o The user-item interactions are viewed solely as chronological
sequences without fine-grained interaction times. That is,
the sequence (itemy — itemp — itemc) considers only
that the three items were consumed in order not when the
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consumption happened. This assumption is the foundation
of many popular methods, e.g., [8, 10, 21].

o Alternatively, a few recent works explicitly model time as a
unidimensional variable in sequential recommendation, e.g.,
[3, 13, 24]. In this unidimensional assumption, a reference
time # is set equal to an old time or the first time-stamp
in the data. Next, each time-stamp t is represented by the
time delta between t and t( quantized in seconds (or hours
or days, depending on the specific scenario).

Although sequential recommendation systems have shown strong
performance, these two assumptions may lead to undesirable out-
comes. For the first assumption, a sequential model that ignores
time may miss important contextual patterns that are intrinsically
time-dependent. For example, a user who streams an action movie
on a Saturday night may have quite different preferences later that
same night versus Sunday morning. Similarly, a user who purchases
an air purifier may be expected to purchase a new filter after six
months, regardless of the specific order of item interactions. For the
second assumption, a unidimensional representation of time may
not capture distinct user behaviors at different times (e.g, viewing
short news videos over breakfast in the morning versus longer-form
entertainment in the evening), periodic consumption behaviors (e.g.,
on a daily or weekly cycle), and other important contexts.

Further, the careful modeling of time in sequential models has the
added benefit of helping to explain many interactions. To illustrate,
consider a movie streaming service that adds a new popular movie
to the system at a specific time. If the time of interaction is not
provided to the model, the model will be unable to explain why the
movie has been watched with many irrelevant titles. Without this
temporal information, the model cannot learn from interactions
that are influenced by the movie’s popularity at that specific time.
As a result, these interactions may be considered as noisy labels
and could even hinder the model’s learning process if used to define
training tasks.

Hence, in this paper, we explore new approaches for temporal
modeling in sequential recommendation. Our investigation con-
siders four time-related pieces of information: (i) the current time-
stamp (query time); (ii) the time-stamp of the previous interactions;
(iii) the time-difference between previous interactions; and (iv) the
time-difference between the current time-stamp and the previous
interactions. Concretely, we propose a multidimensional-based rep-
resentation learning method designed to carefully leverage these
four time-related pieces of information. We consider both a simple
linear embedding approach as well as a data-driven kernel. Through
experiments on two well-known benchmark datasets and two pro-
prietary recommendation datasets, we find that (1) integrating such
rich models of time significantly boosts model accuracy; and (2) the
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proposed multidimensional-based representation learning meth-
ods notably outperform those that treat time as a unidimensional
time-series.

2 RELATED WORK

The goal of a sequential recommendation model is to predict the
next interaction in a sequence. Two of the early solutions based on
deep neural networks are GRU4rec [8] and GRU4Rec+ [7] which
use a Recurrent Neural Network architecture to build the sequence
encoder. Recent state-of-the-art models use attention and trans-
formers [15] to build the sequence encoder. SASRec [10] leverages
transformer blocks to predict the next item in the sequence based
on all previous elements. BERT4Rec [21] employs the bidirectional
training technique used in the well-known BERT language model
[2]. In bidirectional training, each time when a user sequence is
used for training, a random subset of the items are replaced with a
mask token (or random tokens) and the model is asked to retrieve
the masked items. Since BERT4Rec is a state-of-the-art sequen-
tial model, [14], we use it as the base sequential model in our
experiments. Recently, several studies have employed graph neural
networks and knowledge graphs as demonstrated in works such
as [3, 4, 9, 1618, 22]. These models typically leverage additional
information such as cross-session connections, item knowledge
graphs, or graphs that connect related users.

Most sequential recommendation models in the literature only
consider the chronological order of interactions and make recom-
mendations that are independent of the query time. However, a
few studies have explored leveraging the interaction time. For ex-
ample, [13, 24] suggest making the attention matrices computed
by the transformer module a function of the time-difference be-
tween interactions. [3] proposes a technique similar to that used
in [23] to compute a continuous representation of time (the em-
ployed technique is equivalent to Time2vec in [11]). We refer to
these approaches as unidimensional-based methods because they
treat time as a unidimensional time-series. In our experiments, we
compare against the approaches used in [3, 11, 23] to demonstrate
the significance of decomposing time-stamps into a multivariate
time-series.

3 MULTI-DIMENSIONAL TEMPORAL
METHODS

Our core modeling assumption is that important temporal pat-
terns can be attributed to factors such as hour-of-day, day-of-week,
week-of-month, and month-of-year. For example, horror movies
may be typically viewed in the late hours, and demand for electric
heaters is highest in December. To more accurately capture such
temporal patterns, we break down each time-stamp into multiple
meaningful components: e.g., year, month-of-year, week-of-month,
day-of-week, hour-of-day, and so on.

3.1 Formal Model and Challenges

Concretely, we denote the multi-dimensional time-stamp vector
aste Rd, the unidimensional representation of time as ¢, and the
exact time-stamp as 7. Each vector t is created by decomposing its
corresponding time-stamp 7. We also normalize each element of
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tast(i) =
maximum values that t(i) can have. For example, if t(i) represents
the day-of-week, {imin = 1 and {max = 7.

This multidimensional representation of time is then used as the
input for a time-stamp encoder module, which maps the multidi-
mensional time-stamp vector to a higher dimensional embedding
space. A key challenge is how to design such an embedding map-
ping. We present two mapping functions to tackle this challenge:
1) the first is based on kernel approximation theory using random
projections, which has the benefit of enabling the model to have
an estimate of time-differences between different time-stamps; and
2) the second uses linear embedding to map each component of the
time-stamp vector, which lets the model learn optimal representa-
tion for different components of the time-stamps.

In Figure 1, we showcase the effective utilization of computed rep-
resentation vectors from the time-stamp encoder in a transformer-
based sequential model during inference. The model takes two
inputs: a sequence of past interactions augmented with a mask to-
ken, and a sequence of time-stamps for these interactions appended
by the query time. During training, we provide both the sequence
of past interactions and their corresponding time-stamps (the time-
stamps of masked tokens serve as query time for those tokens). The
time-stamp encoder’s output is combined with the output from the
item embedding layer, creating an aggregated input that is then fed
into the sequence encoder.

In this study, we adopted BERT4Rec [21] as our baseline se-
quential model due to the mask token’s presence, which facilitates
incorporating query time in the model’s input. In Section 4, we
delve into several techniques that empower alternative sequential
models to integrate both the query time and the timing of past
interactions.

t(i) —Cmin+1 ..
@, where {in and {max are the minimum and
max

Contribution: The proposed method of time-stamp decomposition,
while simple, has not been studied extensively in previous works.
To the best of our knowledge, this is the first study to propose
multiple representation learning approaches (e.g., a kernel approxi-
mation based method and an embedding-based approach) based on
decomposed time-stamps. We explicitly compare unidimensional
vs multidimensional temporal approaches and experimentally con-
firm the advantages of using rich multi-dimensional methods. In
addition, we introduce techniques for effectively utilizing query
time in sequential models.

3.2 Projection-based approach

The first approach to map the multidimensional time-stamp vec-
tor to a higher dimensional embedding space is based on random
projections. Time provides two important pieces of information
to the model: when the interactions happened, and what were the
time-differences between different interactions. Therefore, not only
should one be able to accurately estimate the time-stamp from its
representation, but also the model should be able to have an esti-
mate of the time-difference between interactions via comparing
their time-stamp representation vectors. Since most deep learning
based methods use inner-product as the measure of similarity, we

desire a representation function ¢(t) € RY such that

Pt d(t2) ~ k(t — t2) (1)
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Figure 1: The structure of the model used in the presented ex-
periments. The model is similar to the state-of-the-art model
used in [14, 21] with the addition of the time-stamp encoder.
The dimension of data at the output of the embedding layer

is RP*"%d where b is the batch size and n is the length of the
sequence. Similarly, the dimension of data at the output of

the time-stamp encoder is RbXnxd These two outputs are
added and fed into the transformers.

where «(-) is a positive definite shift-invariant kernel. In other
words, the mapping function ¢(-) enables the model to infer the
distance between each pair of interactions via simply computing
the inner-product between their time-representation-vectors. This
is specifically a useful feature for transformer based models since
their attention modules use the inner-product to compare each pair
of items (or tokens) in the sequence. In the following, we review
the theory of random projection based kernel approximation which
inspires us to design the mapping function ¢(-).

3.2.1 Approximating non-linear kernel functions via random pro-
Jjections. The authors of [19] showed that the value of a non-linear
kernel function x(x,y) can be approximated via the inner-product
of the vector of the random projection values. The following Algo-
rithm 1 and Theorem 1 provide the details.

Algorithm 1 Random Fourier Features

Input: Positive definite shift-invariant kernel x(x —y), x € RY,
andy € RC.

1. Define Q as the Fourier transform of the kernel function
1
Q(w) = o / exp(—jw! 8)k(8)ds .
T

2. Sar/nple {w; € Rd}?:/l from Q independently and sample
{bi}?zl from the uniform distribution on [0, 27].
3. Define ¢(t) € Rd, as

¢(t) = [cos(wlt+by),cos(Wlt+by) , ..., cos(wg,t+bdr)].
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THEOREM 1 (ADAPTED FROM [19]). Let M be a compact subset
of R with diameter diam(M). Then, for the mapping function ¢(-)
defined in Algorithm 1, we have

P| sup (0 g(y) —x(x-y)| > €| <
x,yeM
_ ) - 2
s [ oq diam(M) de
( e ) EXP(_4(d+2))’

where (ré = Eq[wTw] is the second moment of the Fourier transform

of the kernel function k.

According to Theorem 1, if d is sufficiently large, Algorithm 1
offers a precise approximation of the kernel. However, selecting the
optimal kernel function for a given task and computing its Fourier
transform can be challenging or even impossible in practice. In lieu
of this, a more practical approach is for the sequential model to learn

the best directions {wi}?:1 for the task at hand. We address this

by tre/ating the projection directions {Wi}?zl and the bias values
{l?i};’l:1 as the sequential model’s parameters to be learned during
the training process, alongside the other model parameters. In this
way, the model can learn the projection directions that are optimal

for the given task or dataset.

3.3 Embedding-based approach

The second approach maps the multidimensional time-stamp vector
to a higher dimensional embedding space by learning the embed-
dings during training. Recall that each time-stamp is decomposed
into several components where each component is a discrete value.
For instance, day-of-week is a discrete variable with values be-
tween 1 to 7. Thus, each value of the time-stamp vector t € R4
can be described using a one-hot vector. Let us define e; € R™*!
as the one-hot vector corresponding to the i element of t and
m; is the number of distinctive values that t(i) could have (if t(i)
represents day-of-week, then m; = 7). In addition, let us define
learnable embedding matrices {1//1-}?:l such that ¢; € R™i*"i, Each
embedding dimension r; is chosen proportional to the value of m;,
ie,ri=d Z’_'lr"ni . Therefore, the final mapping function is defined
as

i

T ’
$() = el Y1, elyn , .. elyy| erI*L. 3)

The embedding matrices, denoted as {l//i}ld:l, are considered as

parameters of the sequential model, which are learned along with
the other model parameters.

REMARK 1. Theoretically, the embedding based method can con-
verge to embedding matrices such that the final mapping function
is equivalent to the mapping function of a projection-based method.
Thus, in theory, the embedding based method should perform at least
as well as the projection-based method. However, in the projection-
based method, we directly impose the kernel approximation structure
which can help the learning algorithm to converge to a proper mapping
function even if a sufficient amount of training data is not available.
As a result, choosing the right method is task specific. We empirically
compare the two and find that the projection based method mostly
outperforms when the size of data is small.
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4 EXPERIMENTS

In this section, we empirically investigate the performance of a
sequential model with different time embedding methods.

4.1 Setup

Data and Metrics. We use two public datasets and two proprietary
ones:

e MovieLens 20M [5]: ML-20m is a popular benchmark dataset.
After filtering out items with fewer than five interactions
and users with fewer than two interactions, the resulting
dataset contains 18,166 items, 138,475 users, and around 19.7
million interactions.

e Amazon Beauty [6]: Beauty is a well-known dataset that
was created by crawling product reviews from Amazon. Once
we filtered out items with fewer than five interactions and
users with fewer than two interactions, the resulting dataset
contains 66,201 items, 266,212 users, and approximately 0.9
million interactions.

e Proprietary Industry Recommendation (PIR) datasets:
We built two datasets using the data of users in two different
marketplaces (i.e., two different countries). In both datasets,
for each user, the last 100 interacted items was used to build
the sequences. We randomly selected 600k users with se-
quences longer than 1 and used 500k users for training, 50k
for validation, and another 50k for testing.

The MovieLens and Beauty datasets use Unix format timestamps,
which measure time as the number of seconds elapsed since 00:00:00
UTC on January 1st, 1970. As this format is a global time represen-
tation, it is impossible to determine the local time of users. Hence,
we assume that users in these two datasets are in the US/Central
time zone and calculated the full timestamps accordingly, with a
possible error of less than one day. However, for the PIR datasets,
we have access to the full local timestamps. In our experiments, we
chose to consider all items for evaluation, which reflects the real-
world conditions that the model would encounter in a production
setting.!

The literature employs two primary evaluation methods: Leave-
One-Out and data-splitting strategies. In Leave-One-Out, all users
are employed for both training and testing. Each user’s final inter-
action is reserved for testing purposes. For validation purposes, we
select the second-to-last action of 2,048 randomly selected users,
with the remaining interactions utilized for training. On the other
hand, data-splitting strategy divides data into train, validation, and
test sets across users. During testing, the model is required to pre-
dict the user’s last interaction. We applied Leave-One-Out for the
MovieLens and Beauty datasets, and data-splitting for the larger PIR
datasets in our experiments. For each, we measure the NDCG@k
and the Recall@k.

Methods. Since transformers are considered the state-of-the-art
approach for sequence encoding [14, 21], the model in our exper-
iments is built using transformer modules. Research has shown

n previous studies such as [21], the performance of the model was evaluated on a
subset of items, where 100 negative items were randomly sampled for each positive
item, and the rankings of the 101 items were used for evaluation. This method, which is
based on popularity-based sampling of negatives, has been criticized for its inconsistent
results with full ranking evaluations, as shown in recent work [1].
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that transformer-based models perform best when trained in a bidi-
rectional manner [14, 15], so we used the structure and training
algorithm from [21] to construct a next item prediction model for
most of the presented experiments. In the following, we present an
overview of the methods used in the study. In all of the models that
incorporate time, the model receives the output of the time-stamp
encoders, as illustrated in Figure 1.

e Without time: The output of the time-stamp encoder is not
added to the output of the embedding layer. This means that
neither the interaction times nor the query time are provided
to the model during training and testing. Thus, this baseline
is equivalent to the state-of-the-art BERT4Rec model studied
in [15, 21].

e Unidimensional: This baseline treats time as a unidimen-
sional time-series, which requires us to use quantized time-
stamps. While the MovieLens and Beauty datasets already
provided quantized time-stamps, for the PIR datasets, we
calculated the distance of each time-stamp from the mini-
mum time-stamp in the data and quantized it in hours. For
all the datasets, we normalized each value by subtracting the
minimum time-stamp value and dividing by the maximum
time-stamp value. The mapping function was computed as
$(t) = [cos(g1t + b1),cos(gat +b2) , ..., cos(gyt+by)],

where {gi}?z/l and { bi}?zll were defined as learnable param-
eters. This method is equivalent to the algorithm studied in
[3, 11, 23].

e Projection-based method: This method is described by
Algorithm 1 where {Wi};.i:1 and {b,-}?:1 are learnable param-
eters. In this method, t € R’ (year, month-of-year, week-
of-month, day-of-week, hour-of-day) and ¢(t) € R¢ was
constructed as denoted by Step 3 of Algorithm 1.

e Embedding-based method: In this method, t € R and

o(t) € RY was constructed as in (3).

Training Details. The input embedding layer dimension was set
to 256 for experiments using the MovieLens dataset and the Beauty
dataset, and it was set equal to 512 for experiments using the PIR
datasets. Two consecutive transformer modules were used to create
the sequence encoder, and the attention modules had 4 heads. The
masking probability in the bidirectional training was set to 0.15,
and the dropout probability in the transformer modules was 0.1.
The optimizer used was Adam [12]. Figure 1 shows the structure of
the model.

4.2 Results

Table 1 compares the performance of the tested methods. The re-
sults show that the multi-dimensional based methods outperform
the unidimensional based method. For the PIR dataset, only the
improvements over the baseline, which did not consider time, are re-
ported. With the PIR datasets, the two methods performed similarly,
however, the projection-based method outperforms the embedding-
based method on the MovieLens and Beauty datasets. Our hypoth-
esis is that the smaller size of the MovieLens and Beauty datasets
allows the projection-based method to converge better to the ap-
propriate mapping, thanks to the kernel approximation structure it
imposes. The remarkable performance gains observed in the PIR
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Table 1: The improvement in the performance of BERT4Rec with different methods of incorporating time. N@k and R@k
denote NDCG and recall for the top-k recommendations. For MovieLens and Beauty datasets, Results with the best method is

also presented.

N@1

N@10 N@20 R@1 R@10 R@20

Results, without time (ML-20M) 0.076
Results, projection based method (ML-20M) | 0.086
Improv., unidimensional method (ML-20M) 0.99%

0.163 0.185 0.076 0.274 0.365
0.18 0.203 0.086 0.301 0.394
3.14% 044%  0.99% 0.98% 0.22%

Improv., embedding based method (ML-20M) | 2.95%  4.83%  4.95% 2.95% 571% 5.77%
Improv., projection based method (ML-20M) | 12.21% 10.33% 9.17% 12.21% 9.75%  8.06%
Results, without time (Beauty) 0.0152 0.031 0.035  0.0152 0.051 0.066
Results, projection based method (Beauty) 0.0175  0.033  0.037 0.0175  0.053 0.069
Improv., unidimensional method (Beauty) 3.98% 2.12%  1.35% 3.98%  238%  0.27%

Improv., embedding based method (Beauty) | 8.28%
15.13%  6.45% 6.28%

Improv., projection based method (Beauty)

0.23%  0.74%  8.28% -335% -14%
15.13%  3.92% 4.50%

Improv., unidimensional method (PIR-1)
Improv., embedding based method (PIR-1)
Improv., projection based method (PIR-1)

13.40% 8.00%  6.48%
34.40% 20.56%
34.02% 20%

13.40%  4.65% 3.11%
17.44% 34.40% 11.03% 8.12%
17.28% 34.02% 10.66% 7.78%

Improv., unidimensional method (PIR-2) 7.63%
17.31%
14.73%

Improv., embedding based method (PIR-2)
Improv., projection based method (PIR-2)

6.12% 5.91% 7.63% 4.48% 3.18%
16.61% 16.12% 17.31% 16.03% 14.99%
15.60% 15.25% 14.73% 15.92% 15.01%

datasets strongly suggest that the inclusion of time significantly
enhances the model’s understanding of the data. Specifically, while
the model already processes the sequences to identify item-item
relationships, the incorporation of time enables it to also identify
item-time relationships and track the popularity of items over time.

Incorporating query time in other sequential models: The
method presented can be employed with any sequential recommen-
dation model by adding the output of the time-stamp encoder to
the item embedding layer’s output. However, unlike BERT4Rec,
most other sequential models do not have a mask token that can
be utilized to include the query time’s embedding vector. As dis-
cussed in the next section, it is crucial to include the query time,
and either the training algorithm or the architecture needs to be
modified to facilitate this. As an example, we explain two ideas of
how to modify SASRec to enable it to consume the query time. In
the architecture shown in Figure 1, the i*" input of the first trans-
former block is ¢(t;) + e(x;) + c;, where ¢(t;) is the embedding of
ith time-stamp, e(x;) is the embedding vector of ith item, and c; is
the i*" learnable location embedding vector [21]. One idea to enable
the SASRec model to use query time is to employ two time-encoder
modules and define the i input of the first transformer block as
¢1(ti) + ¢p2(tiz1) + e(x;) + ¢; where ¢1(t;) is the embedding of the
ith time-stamp computed by the first time-encoder module and
¢2(tis1) is the embedding of the next time-stamp computed by the
second time-encoder module. Using this method, the embedding of
the query time computed by ¢ (+) is added to the embedding vector
of the last item. Another approach to enable SASRec to incorporate
query time is to slightly change the function which prepares the
training examples. Specifically, for a given sequence, we randomly
select an element from the sequence, remove all subsequent items,
and replace the chosen token with the mask token. This facilitates
auto-regressive training, similar to the SASRec model and adds a
mask token to the sequence. Table 2 demonstrate the enhancements
in SASRec model performance through various time embedding
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methods. These results distinctly indicate that the SASRec model
gains a better understanding of the data when time is included in
the input. While this study does not compare the performance of
different sequential models, it is noteworthy that in experiments
conducted on all datasets, BERT4Rec consistently outperformed
SASRec.

4.3 Ablation Study: Query time versus the time
of former interactions

We observe that incorporating time significantly improves the
model’s performance. To achieve this, we utilize the time-stamp
encoder to generate time embedding vectors for both the query
time and the time of former interactions. We conduct an analysis
to examine the individual impact of each component, namely, the
time of former interactions and the query time. Table 3 summarizes
the improvement in the performance of the Bert4Rec model when
using the projection-based method on the PIR-1 dataset under three
different scenarios: (a) with both query time and time of former
interaction, (b) with only the time of former interactions, and (c)
with only query time. The outcome unequivocally demonstrates
that the performance of the model is significantly influenced by
both the query time and the time of former interactions.

In certain recommendation systems, the user representation
vector is pre-calculated, enabling the system to utilize the pre-
computed vector to generate recommendations when a query is
submitted. Including query time necessitates the storage of 24 dis-
tinct user representations per user, which can increase costs, or
requires running the model during inference, thereby adding com-
plexity to the pipeline. A straightforward solution is to exclude the
hour component from the query time. We conducted an experiment
using the PIR-1 dataset, where the hour component of query time
was removed, and the results indicated that similar improvements
could be achieved with no more than a 2% degradation in the perfor-
mance improvements. As an example, N@10 continued to exhibit
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Table 2: The improvement in the performance of SASRec with different methods of incorporating time.
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N@1 N@10 N@20 R@1 R@10 R@20
Improv., unidimensional method (PIR-1) 13.77% 11.47% 9.68% 13.77% 7.85%  6.69%
Improv., embedding based method (PIR-1) 55.75% 30.42% 25.5% 55.75% 16.18% 9.71%
Improv., projection based method (PIR-1) 57.68% 30.50% 26.74% 57.68% 17.34% 10.82%
Results, without time (ML-20M) 0.066 0.144 0.167 0.066 0.247 0.338
Results, projection based method (ML-20M) | 0.071 0.155 0.178 0.071 0.263 0.354
Improv., unidimensional method (ML-20M) 3.27% 2.56% 1.87% 3.27% 211% 139%
Improv., embedding based method (ML-20M) | 4.95% 532%  459% 4.95% 5.16%  3.78%
Improv., projection based method (ML-20M) | 7.38% 6.94%  6.04% 7.38%  6.29%  4.69%
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Conclusion

Our study focused on incorporating time into sequential recom-
mendation models, which traditionally rely on the chronological
order of user activities. Rather than using time as a one-dimensional
signal, we proposed to treat time as a multidimensional time-series
and introduced two time-stamp encoding methods. These methods
transform decomposed time-stamps into embedding vectors, which
can be easily added to the recommendation, prediction, or ranking
model input. Our experiments demonstrated that incorporating
time improves model performance, and that the multidimensional
methods outperform the one-dimensional method.
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